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ON THE CHARACTERIZATION OF THE KERNEL
OF THE GEODESIC X-RAY TRANSFORM

EDUARDO CHAPPA

Abstract. Let Ω be a compact manifold with boundary. We consider co-
variant symmetric tensor fields of order two that belong to a Sobolev space
Hk(Ω), k ≥ 1. We prove, under the assumption that the metric is simple,
that solenoidal tensor fields that belong to the kernel of the geodesic X-ray
transform are smooth up to the boundary. As a corollary we obtain that they
form a finite-dimensional set in Hk.

1. Introduction

In this paper we consider the problem of the characterization of the kernel of
the geodesic X-ray transform of 2-tensor fields on a compact and simple (see the
definition below) Riemannian manifold Ω with metric g.

The problem of the characterization of the kernel of the X-ray transform for
2-forms arises naturally as the linearization of the problem of determining a metric
on a compact manifold from its hodograph. We refer the reader to the book by
V.A. Sharafutdinov [12] for an explanation of this non-linear problem.

In order to simplify matters we assume that Ω ⊂ R
n is the closure of an open

subset Ω of R
n and that we have extended g to be a simple Riemannian metric in a

neighborhood of Ω. We remind the reader that a metric is simple if any two points
p, q ∈ Ω can be joined by a unique geodesic γpq that lies entirely in Ω \ ∂Ω (with
the possible exception of only p and q) and such that γpq depends smoothly on p
and q. We will use the lowercase letter e to denote the usual Euclidean metric in
R

n.
For a covariant symmetric 2-tensor field ω =

∑n
i,j=1 ωij(x) dxi dxj , we say that

ω ∈ Hk(Ω) if ωij belongs to the Sobolev space Hk(Ω), for all i, j. We denote by
‖ · ‖k;Ω the corresponding norm. We write L2(Ω) = H0(Ω). When this does not
lead to misunderstandings, we omit the domain Ω in the notation, and simply write
Hk and ‖ · ‖k for Hk(Ω) and ‖ · ‖k;Ω, respectively.

Given a covariant 2-tensor ω =
∑n

i,j=1 ωij(x) dxi dxj ∈ Hk(Ω), we extend ω so
that it vanishes outside Ω and define its geodesic X-ray transform by

Pγω =
∫ ∞

−∞

n∑
i,j=1

ωij(γ(s))γ̇i(s)γ̇j(s) ds,
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where γ(s) = (γ1, . . . , γn) is a unit speed geodesic of Ω, with respect to the Levi-
Civita connection. We denote by γ̇i the derivative of γi with respect to the arc
length parameter. Note that the above integral is invariantly defined, so the X-ray
transform of a covariant two tensor field is well defined.

As stated before, we consider in this paper the question of the characterization
of the kernel Zk of P in Hk (k ≥ 1). In order to motivate our answer, note that if
v =

∑n
i=1 vi dxi ∈ Hk+1(Ω) is a covariant 1-tensor field, then

ω = ds
gv =

n∑
i,j=1

[
1
2
(
∂vi

∂xj
+

∂vj

∂xi
) −

n∑
k=1

vkΓk
ij

]
dxi dxj

belongs to Zk if v|∂Ω = 0. Here, and throughout this paper, Γk
ij denote the Christof-

fel symbols associated to the Levi-Civita connection induced by the metric g. If
we denote by P k the set of covariant 2-tensor fields obtained in this way, then it is
clear that P k ⊆ Zk, and the question is whether there is an equality.

In this paper we prove that the orthogonal complement of P k in Zk (denoted by
Zk/P k) consists of smooth tensor fields up to the boundary (see Theorem 4). As
a corollary (see Corollary 3) we prove that this space is a finite-dimensional vector
space. The above corollary had been proved independently by V.A. Sharafutdinov
[13], but our result proves that the dimension of this space does not depend on k.
This answers one of the problems posed by V.A. Sharafutdinov in [14].

The analogous question for lower order tensor fields was answered for metrics
that are simple in the work of Mukhometov [8, 9] (see also Bernstein and Gerver [3]).
Anikonov and Romanov [1, 2] have solved the case of 1-tensor fields. In the case
of tensors of order 2, some partial answers have been given by Pestov and Shara-
futdinov [10] in the case on negatively curved manifolds, which was extended to
manifolds of small positive curvature by Sharafutdinov [11]. In the two-dimensional
case we mention a result by Sharafutdinov and Uhlmann [15] for simple manifolds
with non-focal points.

The paper is organized as follows. In section 2 we prove that if P ′ is the transpose
of P with respect to some inner product defined in that section, then P ′P is a
pseudodifferential operator of order −1 in Ω. Here we follow [16]. In this case we
compute explicitly the principal symbol of P ′P . In section 3, we define an elliptic
pseudodifferential operator on Ω, whose construction is analogous to the one used
to produce an elliptic operator from an elliptic complex (see for example [6]). We
use this operator in section 4 to prove our main theorems using the theory of
pseudodifferential operators that satisfy Boutet de Monvel’s transmission condition
[5]. In this paper we follow the book by Chazarain and Piriou [4] on this subject.
The main idea in this section is that although the operator constructed in section
3 cannot improve the regularity of distributions in Zk/P k to be in Hk+1(Ω), a new
operator, induced naturally on the boundary, is elliptic and does actually improve
the regularity of elements in Zk/P k.

2. The X-ray transform of a 2-tensor

The results of this section were obtained in unpublished notes [16]. For the
reader’s convenience we provide its full exposition.

Let Ω be a bounded domain with smooth boundary ∂Ω. The Riemannian met-
ric g = (gij) induces an inner product 〈·, ·〉T∗Ω, on the cotangent bundle T ∗Ω,
whose matrix is g−1 = (gij). Consider the energy associated to the inner product
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in cotangent space, Hg = 1
2

∑n
i,j=1 gijξiξj , and denote by Φg(t) the Hamiltonian

flow associated to Hg. We define the sphere bundle of a manifold Ω as the set
ST ∗Ω = {(z, ω) : (z, ω) ∈ T ∗Ω,

∑n
i,j=1 gijωiωj = 1}. We will denote by (x(t), ξ(t))

the bicharacteristic curves of H on ST ∗Ω, whose projections to Ω are called the
geodesics of the metric g. It will be convenient to parameterize geodesics according
to the point and direction that they hit the boundary. It is natural, therefore, to
consider the set of incoming geodesics, which is parametrized by the set

ST ∗∂Ω− = {(z, ω) : (z, ω) ∈ ST ∗∂Ω, 〈ω, ν(z)〉T∗Ω ≤ 0},

where ν(z) is the outer unit normal to ∂Ω. We introduce a measure on ST ∗∂Ω−,
dµ(z, ω) = 〈ω, ν(z)〉T∗Ωdω dS, where dS is the surface measure on ∂Ω and so is dω
in S

n−1
z = {ω : (z, ω) ∈ ST ∗∂Ω}. In particular, any bicharacteristic (x(t), ξ(t)),

associated to Hg, will be written in the form (x(t; z, ω), ξ(t; z, ω)), and it satisfies
(x(0; z, ω), ξ(0; z, ω)) = (z, ω).

In this section of the paper we will work in the space of symmetric smooth
covariant two tensors, that is to say, a tensor or the form ω =

∑n
i,j=1 ωij dxi ⊗ dxj ,

where ωij = ωji is a smooth function, and we endow this space with the inner
product induced by the metric. Explicitly this means that if f and h are two
symmetric two tensors, then its inner product is defined as

(f, h) =
n∑

i,j,k,l=1

∫
Ω

fij(x)hkl(x)gik(x)gjl(x) dVg,

where dVg is the canonical volume form induced by g on Ω.
Let us consider a smooth 2-tensor field ω =

∑n
i,j=1 fij(x) dxi ⊗ dxj ∈ C∞

0 (Ω),
which we extend to be a smooth compactly supported tensor field in R

n, vanishing
outside Ω, and let us note that we can write its geodesic X-ray transform as the
function on ST ∗∂Ω−, given by

(Pf)(z, ω) =
n∑

i,j=1

∫
R

f ij(x(t; z, ω))ξi(t; z, ω)ξj(t; z, ω) dt,

where f ij is obtained from fij by raising indices.
It is clear that Pf ∈ L2(ST ∗∂Ω−; dµ), since ∂Ω is compact. It is a classical

technique when dealing with the problem of inversion of the X-ray transform to
compute P ′P , where P ′ is the transpose of P , with respect to the usual L2 inner
product in L2(ST ∗∂Ω−), and we will do that in what follows. In fact, if we write
S = ST ∗∂Ω−, and h is another smooth symmetric two tensor field supported in Ω,
then

(P ′Pf, h)L2(Ω) = (Pf, Ph)L2(ST∗∂Ω−) =
∫

S

Pf(z, ω)Ph(z, ω) dµ(z, ω)

=
n∑

i,j,k,l=1

∫
S

(∫
R

f ij(x(t))ξi(t)ξj(t) dt

)(∫
R

hkl(x(s))ξk(s)ξl(s) ds

)
dµ(z, ω).

(1)

Now if we use that∫ ∞

−∞
f(t) dt =

∫ ∞

0

f(s + t) dt +
∫ ∞

0

f(s − t) dt
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for all s ∈ R, it follows that the above equation (1) can be written as a sum of two
integrals I+ and I−, where

I± =
n∑

i,j,k,l=1

∫
S

∫
R

∫ ∞

0

f ij(x(s±t))ξi(s±t)ξj(s±t)hkl(x(s))ξk(s)ξl(s) dt ds dµ(z, ω).

Remember that bicharacteristics, although not explicitly in the equation above,
are parametrized by (z, ω). Note that for any z ∈ ∂Ω and for any ω ∈ S

n−1
z ,

(z, s) are global coordinates in Ω, where s > 0 is the arclength parameter for
x(s; z, ω). On the boundary dx = ωT g−1ν(z) dS ds. Introduce the new vari-
able ξ = tω on the boundary, then at the boundary dξ dx = tn−1 dt dω dx =
ωT g−1ν(z) tn−1 dt dω dz ds = tn−1 dt ds dµ(z, ω). Since the Hamiltonian flow pre-
serves the measure, the same is true for any (x, ξ) ∈ T ∗Ω. We can write

(x(s + t), ξ(s + t)) = Φ(1)(x(s), ξ(s)),

where t = |ξ(s)|g, that is to say, if y = expx(s) ξ, then y = x(s + t), where t = |ξ|g.
If we denote by δ(x, y) the geodesic distance between x and y, then one can show,
using simply connectedness of Ω, that ξ(s + t) = dy

1
2δ2(x, ·), therefore,

(P ′Pf, h) = 2
n∑

i,j,k,l=1

∫
Ω

∫
Rn

f ij(expx ξ)
∂δ

∂yi

∂δ

∂yj
hkl(x)

ξk

‖ξ‖g

ξl

‖ξ‖g

dξ

‖ξ‖n−1
g

dx.

If we perform the change of variables y = expx ξ, then we get that ξ/|ξ|g =
−dxδ(x, y) and ξ = −1

2dxδ2(x, y). We conclude that the Jacobian of this change of
variables is given by | det(dξ/dy)| = 1

2n | det ∂2

∂x∂y δ2|, and therefore we get that

(P ′Pf)ij(x) = 2
n∑

k,l,p,q=1

∫
Ω

gkp(y)fkl(y)glq(y)
δ(x, y)n−1

∂δ

∂yp

∂δ

∂yq

∂δ

∂xi

∂δ

∂xj

∣∣∣det ∂(δ2/2)
∂x∂y

∣∣∣
(det g(x))1/2

dy.

Lemma 1. Assume that g is a smooth simple metric in Ω. Then if x is close to
y, we have

δ2(x, y) =
n∑

i,j=1

G
(1)
ij (x, y)(x − y)i(x − y)j ,

∂2δ2(x, y)
∂xj

= 2
n∑

i=1

G
(2)
ij (x, y)(x − y)i,

∂2δ2(x, y)
∂xiyj

= 2G
(3)
ij (x, y),

where G(1), G(2) and G(3) are smooth functions in Ω×Ω and G
(1)
ij (x, x) = G

(2)
ij (x, x)

= G
(3)
ij (x, x) = gij(x).

Proof. Choose the covector ξ, so that y = expx ξ. Then δ2(x, y) = |ξ|2g−1 . From
the Hamiltonian system, by the Taylor expansion argument we find that y − x =
g−1(x)ξ +O(|ξ|2), that is to say, ξ = g(x)(y−x)+O(|y−x|2). This implies that δ2

vanishes at least at second order when x = y, and therefore by the Taylor expansion
we get the first formula. The second and the third follow by differentiation. �

Lemma 2. The operator L = P ′P is a pseudodifferential operator of order −1 in
Ω.
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Proof. We have seen that L is an integral operator with kernel K(x, y), in fact, we
have that Kkl

ij (x, y) is given by

2
n∑

p,q=1

gpk(y)glq(y)
(det g(x))1/2

[G̃(2)(x − y)]p[G̃(2)(x − y)]q[G(2)(x − y)]i[G(2)(x − y)]j
((x − y)T G(1)(x − y))

n−1
2 +2

|G(3)|,

where G̃
(2)
ij (x, y) = G

(2)
ij (y, x), |G(3)| = | det(G(3)

ij )|, and we write G for G(x, y).
Hence,

Kkl
ij (x, y) = M̂kl

ij (x, y, x − y),

where Mkl
ij (x, y, ξ) is given by

Mkl
ij (x, y, ξ)

(2)

=
2

(2π)n

∫
eiξ·z

n∑
p,q=1

gpk(y)glq(y)
(det g(x))1/2

[G̃(2)z]p[G̃(2)z]q[G(2)z]i[G(2)z]j
(zT G(1)z)

n−1
2 +2

|G(3)| dz.

This last equation implies that Mkl
ij is the inverse Fourier Transform of a homoge-

neous function of degree 1 − n, so that Mkl
ij is a homogeneous function of degree

−1, which proves that P ′P is a pseudodifferential operator of order −1. �

We can use the formulas obtained above to compute the principal symbol of
P ′P , in fact, we just need to replace G(1), G(2), G̃(2), G(3) in the equation above by
g. Making the change of variables z = g−1/2z′, and denoting z′ again by z, we
obtain

σ−1(P ′P )kl
ij (x, ξ) = Mkl

ij (x, x, ξ)

=
n∑

p,q=1

2
(2π)n

∫
eig−1/2ξ·z gpk(x)glq(x)

|z|n+3
[g1/2z]p[g1/2z]q[g1/2z]i[g1/2z]j dz

=
2

(2π)n

∫
eig−1/2ξ·z 1

|z|n+3
[g−1/2z]k[g−1/2z]l[g1/2z]i[g1/2z]j dz.

Therefore for any covariant 2-tensors fij , and a contravariant 2 tensor hkl, we have
that

n∑
i,j,k,l=1

σ−1(P ′P )kl
ij (x, ξ)fklh

ij
=

n∑
i,j,k,l=1

M0
ijkl(g

−1/2ξ)(g−1/2fg−1/2)kl(g1/2hg1/2)ij ,

with

(3) M0
ijkl(ξ) =

2
(2π)n

∫
eiξ·z |z|−n−3zizjzkzl dz.

Summarizing, we have proved the following result.

Theorem 1. Let Ω be an open subset of R
n, and g a simple metric on Ω. Then

P ′P is a pseudodifferential operator of order −1. If we denote by σg
−1(P

′P ) its
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principal symbol, then we have
n∑

i,j,k,l=1

σg
−1(P

′P )kl
ij (x, ξ)fklh

ij
(4)

=
n∑

i,j,k,l=1

σe
−1(P

′P )kl
ij (g

−1/2ξ)(g−1/2fg−1/2)kl(g1/2hg1/2)ij .

The importance of the above calculation is that it relates the principal symbol
of the operator P ′P in a simple metric g with the symbol of the operator P ′P in
Euclidean metric. Later in the paper we will use a formula analogous to equation
(4) to define a new operator Lg, for any metric g, based on the construction of the
operator Le defined for the Euclidean metric.

3. A parametrix construction

In the last section we proved that P ′P is a pseudodifferential operator of order
−1 in Ω. We will use the formula found in Theorem 1 as the basis of the construction
of an elliptic pseudodifferential operator in Ω. The construction is easily done in
the case of the Euclidean X-ray transform and we will do so here; later we will use
that construction to make a general construction for any metric.

Given a 1-form ω, we define its symmetric differential ds
gω as the symmetrization

of the covariant derivative of ω. In coordinates, this is defined as

ds
g(

n∑
i=1

ai dxi) =
n∑

i,j=1

[
1
2

(
∂ai

∂xj
+

∂aj

∂xi

)
−

n∑
k=1

akΓk
ij

]
dxi dxj .

The operator of symmetric differentiation has an adjoint with respect to the usual
inner product in the space of symmetric 2-tensor fields on Ω which we denote by
−δs

g. Here

δs
gf =

n∑
i=1

n∑
j,k=1

gjk

(
∂fij

∂xk
−

n∑
p=1

Γp
jkfpi −

n∑
p=1

Γp
ikfpj

)
dxi.

We will omit the index indicating the metric when the metric is Euclidean. In this
case we have that the Laplacian, ∆ = 2δsds, is given by

∆(
n∑

j=1

aj dxj) =
n∑

i,j=1

∂

∂xj

(
∂ai

∂xj
+

∂aj

∂xi

)
dxi.

Therefore its symbol is given by

σ(∆)(ξ) = −
(
|ξ|2I + ξξT

)
,

where ξ = [ξ1 ξ2 . . . ξn]T is a column matrix.
Note that I − ∆ has symbol (1 + |ξ|2)I + ξξT , and that

((1 + |ξ|2)I + ξξT )−3/2 = α(|ξ|2)I + β(|ξ|2)ξξT

for some smooth functions α and β.
It is also easy to see that the symbol of the symmetric differential is given by

B = [BT
1 BT

2 . . . BT
n ]T ,
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where Bk is an n × n matrix

(5) Bk =
i

2
(
ξkI + ξeT

k

)
,

and finally for the divergence operator we have its symbol given by

(6) A = [A1 A2 . . . An],

where Ak is an n × n matrix given by

(7) Ak = iekξT .

Here we have ordered the components of f =
∑n

i,j=1 fij dxi dxj in a vector whose
components are (f11, f12, . . . , f1n, f21, f22, . . . , f2n, . . . , fn1, fn2, . . . , fnn)T .

The main theorem of this section first appeared in [16].

Theorem 2. Let (Ω, g) be a compact and simple Riemannian manifold. Then there
exists an operator Mg, such that,

(8) Cg = P ′P + ds
gMgδ

s
g

is an operator of order −1 elliptic in Ω.

Proof. First we prove the result in the case of the Euclidean metric. Here we can
take Me = (I −∆)−3/2. Indeed, if f is a tensor field in the kernel of σ−1(Ce), then

(9) σ−1(P tP )f + σ1(ds)σ−3(I − ∆)−3/2σ1(δs)f = 0.

Multiplying this equation by σ1(δs) from the left, and using that σ1(δs)σ−1(P tP ) ≡
0, it follows that σ2(δds)σ−3(I − ∆)−3/2σ1(δs)f = 0, so σ1(δs)f = 0, due to the
ellipticity of ∆(I − ∆)−3/2.

From here and equation (9), it follows that σ−1(P ′P )f = 0. Therefore, all
we need to do is to prove that if a tensor field satisfies the system of equations
σ1(δs)f = 0 and σ−1(P ′P )f = 0, then f = 0.

Note first that the condition σ1(δs)f = 0 is equivalent to

(10)
n∑

j=1

ξjfij = 0, for all i = 1, . . . , n,

which follows immediately from (6) and (7).
The principal symbol of P ′P (given by (3)), can be explicitly computed, and it

is given by (see equations 2.11.4 and 2.11.5 in [12])

(11) σ−1(P ′P )kl
ij (ξ) = Cn∂4

ijkl‖ξ‖3,

for some non-zero constant Cn. The above expression can be explicitly computed
by taking the fourth partial derivative of ‖ξ‖3. Due to (10) and the symmetry of f ,
when computing σ−1(P ′P )kl

ijfkl, we can ignore any term in the principal symbol of
σ−1(P ′P ) that contains a factor ξk or ξl. It follows that if f is a tensor field such
that σ1(δs)f = 0 and σ−1(P ′P )f = 0, then

(12)
n∑

k,l=1

(
δijδkl

‖ξ‖ +
δikδjl

‖ξ‖ +
δjkδil

‖ξ‖ − ξiξjδkl

‖ξ‖3

)
fkl = 0, for all i, j = 1, . . . , n.

If we choose i = j in the above equation, and take the sum from i = 1 to n, we
obtain

(n − 1)δklfkl = 0,
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from where it follows that
δklfkl = 0.

Substituting this into equation (12), we get
n∑

k,l=1

(
δikδjl

‖ξ‖ +
δjkδil

‖ξ‖

)
fkl = 0, for all i, j = 1, . . . , n,

which implies
fij + fji = 0, for all i, j = 1, . . . , n.

Since f is symmetric, it follows that f = 0.
In order to end the proof of the theorem we need to construct Mg for an arbitrary

metric g, which will be done later (see Corollary 1). In order to start the construc-
tion of Mg, we need to compute the principal symbol of L = ds(I − ∆)−3/2δs.

Proposition 1. Let L be the pseudodifferential operator in Ω of order −1 given by
L = ds(I − ∆)−3/2δs; then the principal symbol of L is

(13) σ−1(L)kl
ij (x, ξ) = −1

2

n∑
q=1

(ξiδjq + ξjδiq)(α(|ξ|2)ξlδqk + β(|ξ|2)ξlξqξk).

Proof. Let fpq be the components of a symmetric 2-tensor f and let us note that∑n
k,l=1 σ(δe)kl

i fkl =
∑n

l=1 ξlfil. Hence,
∑n

k,l=1 σ(δe)klfkl =
∑n

i,l=1 ξlfilei, where ei

is the vector whose only non-zero component is the i-th component, which is equal
to one.

It follows that

σ((I + δds)−3/2)σ(δs)klfkl = α(|ξ|2)
n∑

l,i=1

ξlfilei + β(|ξ|2)
n∑

i,l=1

ξiξlfilξ.

The proof is concluded by replacing the symbol of the symmetric differential in
the above equation, and this yields equation (13). This concludes the proof. �

As an important remark, note that the summand in (13) is a product of two
terms. The first one corresponds to the symmetric differential, the other one to
some pseudodifferential operator of order −2.

Proposition 2. There exists a pseudodifferential operator Lg on Ω, such that Le =
L and

n∑
i,j,k,l=1

σ−1(Lg)kl
ij (x, ξ)fklhij(14)

=
n∑

i,j,k,l=1

σ−1(Le)kl
ij (g

−1/2ξ)(g−1/2fg−1/2)kl(g1/2hg1/2)ij

for any covariant symmetric 2-tensor field f and contravariant 2-tensor field h.
The principal symbol σ−1(Lg)kl

ij , of Lg is

(15)
n∑

p=1

(
ξi(G−1)pj + ξj(G−1)pi

)
(α(|ξ|2)(G2ξ)lGkp + β(|ξ|2)(G2ξ)k(G2ξ)l(Gξ)p),

where G = g−1/2.
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Proof. Before we begin the proof, we note that the right-hand side in (13) is the
sum of terms that have two factors. If we substitute (13) into (14), we realize that
terms in the first factor in each summand are multiplied only by h, whereas the
terms in the second factor are multiplied by f . Note that regardless of the changes
we will make in equations (13) and (14), this will continue to be true.

In order to compute σ−1(Lg)kl
ij (x, ξ), we need to simplify the expression

n∑
p,q,r,s=1

σ−1(Le)rs
pq(g

−1/2ξ)(g−1/2fg−1/2)rs(g1/2hg1/2)pq.

Let us analyze how each factor of (13) changes in each summand.
The first factor in (13) has the form (change q by γ in that equation)

ξpδqγ + ξqδpγ ,

so the term we need to consider is

I1 =
n∑

p,q=1

((g−1/2ξ)pδqγ + (g−1/2ξ)qδpγ)(g1/2hg1/2)pq

=
n∑

p,q,i,j=1

((g−1/2ξ)pδqγ + (g−1/2ξ)qδpγ)(g1/2)pih
ij(g1/2)jq.

This expression simplifies to

(16) I1 =
n∑

i,j=1

(ξi(g1/2)jγ + ξj(g1/2)iγ)hij ,

which gives the first factor in (15). In order to obtain the second factor we apply
the same procedure. If we write G = g−1/2, we obtain

I2 =
n∑

r,s=1

(α(|Gξ|2)(Gξ)sδγr + β(|Gξ|2)(Gξ)s(Gξ)γ(Gξ)r)(GfG)rs

=
n∑

r,s,k,l=1

(α(|ξ|2g−1)(Gξ)sδγr + β(|ξ|2g−1)(Gξ)s(Gξ)γ(Gξ)r)GrkfklGls

=
n∑

k,l=1

(α(|ξ|2g−1)(g−1ξ)lGγk + β(|ξ|2g−1)(g−1ξ)l(Gξ)γ(g−1ξ)k)fkl.

Combining the expressions for I1 and I2, we obtain the result. �

Note that Lg is not uniquely determined by its principal symbol, we just need
to find one pseudodifferential operator that satisfies equation (15). The principal
symbol of Lg can also be expressed as a sum of terms which factor in two terms.
In particular the first factor in each summand corresponds to an operator, which
we would like to compute explicitly. In order to do so, note that

ξi(G−1)pj + ξj(G−1)pi =
n∑

q=1

(ξi(G−1)pqδqj + ξj(G−1)pqδqi)

=
n∑

q=1

(ξiδqj + ξjδqi)(G−1)pq.
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If we move the factor (G−1)pq to the second factor in the symbol of Lg in (15), it is
clear that we have proved, without loss of generality, that we can assume that the
first factor in the principal symbol of Lg corresponds to the symmetric differential
operator d. Given that d and ds

g have the same principal symbol, we can, without
loss of generality, assume that Lg factors from the left by ds

g.
A similar analysis proves that Lg can be factored from the right by δs

g, although
we will not use this fact later. We state it in the next corollary for future reference,
and leave the proof to the reader.

Corollary 1. Let Lg be an operator on Ω, whose principal symbol is defined in
Proposition 2. Then we can choose Lg in such a way that it can be factored as

Lg = ds
gMgδ

s
g,

where Mg is a pseudodifferential operator of order −3 in Ω, which can be chosen
so that Me = (I − ∆)−3/2.

We can finally finish the proof of Theorem 2.

End of the proof of Theorem 2. Note that formulas (4) and (14) imply that the
principal symbol of Cg satisfies

n∑
i,j,k,l=1

σ−1(Cg)kl
ijfklh

ij
=

n∑
i,j,k,l=1

σ−1(Ce)kl
ij (g

−1/2ξ)(g−1/2fg−1/2)kl(g1/2hg1/2)ij .

From this and the ellipticity of Ce, it is clear that Cg elliptic. �

4. Regularity of the kernel of the geodesic X-ray transform

It is clear, due to elliptic regularity and (8), that if f is a distribution in Ω such
that Pγf = 0 for any geodesic γ and such that δs

gf = 0 in Ω, then f must be smooth
in Ω. However, its restriction to the boundary could be a non-smooth distribution
on ∂Ω. We will now prove that f is actually smooth up to the boundary. In order
to start, we will invert equation (8) to find a decomposition of the indentity into a
potential part plus a term which behaves as a solenoidal part, modulo regularizing.

Proposition 3. There exists a pseudodifferential operators T of order 1 and smooth-
ing respectively R in Ω such that

(17) I = TP ′P + ds
gSδs

g + R,

where S is a parametrix of δs
gd

s
g.

Proof. In order to simplify the notation in this proof, we will use the following
convention. If P and Q are two pseudodifferential operators, we write P ≡ Q if
P − Q is a smoothing operator.

The key idea is to invert equation (8). To do so, we know from Theorem 2 that

Cg = P ′P + ds
gMgδ

s
g

is an elliptic operator of order −1 in Ω. Applying symmetric differentiation by the
right of both sides of the equation, we obtain

Cgd
s
g = P ′Pds

g + ds
gMgδ

s
gd

s
g.

However, the operator δs
gd

s
g is an elliptic operator which has a parametric S; there-

fore
Cgd

s
gS ≡ P ′PdS + ds

gMg.
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This implies that
ds

gMg ≡ Cgd
s
gS − P ′PdS.

In particular replacing this equation into (8), we obtain that

Cg ≡ P ′P + Cgd
s
gSδs

g − P ′Pds
gSδs

g.

Finally note that since Cg is an elliptic operator, it has a parametrix T . Applying
T on the left we obtain

I ≡ TP ′P + ds
gSδs

g − TP ′Pds
gSδs

g.

We will prove that the last term in the above decomposition of the identity is
smoothing, which will end the proof of the proposition.

In fact, let SD be the Dirichlet inverse for the Laplacian ∆s = δs
gd

s
g in Ω. That

is to say, SD is defined as the operator that satisfies

∆sSDf = f on Ω,
SDf = 0 on ∂Ω.

This operator exists since the Laplace operator ∆s satisfies the Lopatinskii condi-
tion. Recall that since ∆s is an elliptic operator it has a parametrix S, such that
∆sSf − f ∈ C∞(Ω). In particular ∆s(Sf − SDf) ∈ C∞(Ω), so that by elliptic
regularity Sf − SDf ∈ C∞(Ω).

Finally, this implies that

TP ′Pds
gSδs

g = TP ′Pds
g(S − SD)δs

g + TP ′Pds
gSDδs

g

= TP ′Pds
g(S − SD)δs

g

is a regularizing operator, since Pds
gSD = 0. This concludes the proof. �

Observe that we can extend all pseudodifferential operators in Proposition 3 to a
neighborhood of Ω by extending the metric g. The above result is still valid in this
extended domain, if we make the extended metric simple in this extended domain.
In particular, the operators ds

g and S, defined in the above proposition, satisfy the
transmission condition in Ω. For a study of the transmission condition, we refer the
reader to the book by Chazarain and Piriou [4]. As a consequence of this extension,
we have the following.

Corollary 2. Let f ∈ Hk(Ω), k ≥ 1, be such that Pf = 0 and δs
gf = 0. Then f

has restrictions of all orders to the boundary ∂Ω of Ω.

Proof. Let f0 be the extension of f to a neighborhood of Ω, which is identically
zero outside Ω. Using (17) we find that

f0 = ds
gSδs

gf
0 + Rf0,

where S is a parametrix for the Laplacian, and R is a smoothing operator. Note
that of the two terms on the right-hand side, the second has restrictions of all
orders to the boundary, because it is smooth in a neighborhood of ∂Ω. The first
term has restrictions of all orders to the boundary, because δs

gf
0 vanishes in Ω,

and the operator ds
gS obviously satisfies the transmission condition there. Now the

result follows directly from Theorem 2.2 in Chapter 5 of [4]. �
Let us introduce the following notation. In Ω we will use semigeodesic coordi-

nates (x′, xn) and xn > 0 in Ω. In these coordinates, the boundary of Ω is defined
by the equation xn = 0. The most important property of this coordinate system is
that the metric satisfies gin = δin for i = 1, . . . , n, where δij is the Krönecker delta.
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If f is a distribution in Ω, we will denote by f(x′, 0+) its restriction to the
boundary. If f ∈ H1(Ω), then f(x′, 0+) belongs to H1/2(∂Ω). We will denote by
R+ the operator that maps f to f(x′, 0+), which extends in an obvious way to
tensor fields. In particular, given a symmetric tensor field ω =

∑
i,j ωij dxidxj , we

denote by R+
n the operator R+

n ω =
∑n

i=1 R+ωin dxi.
Note that if we use semigeodesic coordinates in Ω, and if δs

gf = 0 in Ω, then
δs
gf

0 =
∑n

i=1 fin(x′, 0+) ⊗ δ0(xn) dxi = R+
n f ⊗ δ0(xn) (see for example Theorem

3.1.9 in [7]), where on the right-hand side of the last equation δ0(xn) is the Dirac
delta distribution in R at the origin.

Using equation (17) we conclude that if f is a distribution such that Pf = 0 and
such that δs

gf = 0, then

(18) f0 = ds
gS(

n∑
i=1

fin(x′, 0+) ⊗ δ0(xn)) dxi + Rf0.

Note that the second term is smooth in a neighborhood of Ω, and therefore has a
smooth restriction to the boundary. It is a well-known fact (see Theorem 2.4 in
Chapter 5 of [4]) that the restriction to the boundary of the first term acts as a
pseudodifferential operator of order 0 on the distribution

∑n
i=1 fin(x′, 0+) dxi. We

will, nevertheless, need to compute this operator explicitly.

Definition 1. Let f be a smooth tensor field of order 1 on ∂Ω. We will denote by
A the operator on ∂Ω defined by

Af = R+
n ds

gS̃(f ⊗ δ0(xn)),

where S̃ is the operator whose full symbol is equal to the principal symbol of any
parametrix of δs

gd
s
g, and δ0(xn) is the Dirac delta distribution on the boundary of

Ω.

The following proposition gives us the most important properties of A.

Proposition 4. The operator A is a pseudodifferential operator on ∂Ω of order 0,
and its principal symbol is given by

σ0(A)(x′, ξ′) =

⎡⎢⎣
In−1×n−1

2 − iξ′

4‖ξ′‖g′

− i(g′ξ′)T

4‖ξ′‖g′
1
2

⎤⎥⎦ .

Proof. It is well known that δs
gd

s
g has principal symbol given by

σ2(δs
gd

s
g) = −1

2
(
‖ξ‖2

gI + ξ(gξ)T
)
,

so

σ−2(S) = − 2
‖ξ‖2

g

(
I − ξ(gξ)T

2‖ξ‖2
g

)
.

Now (5) implies, that ds
gS has principal symbol

C = [CT
1 CT

2 . . . CT
n ]T ,

where Ck is the n × n matrix

(19) Ck = − i

‖ξ‖2
g

(ξkI + ξeT
k − ξkξ(gξ)T

‖ξ‖2
g

).
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If we write ξ = (ξ′, ξn) and use semigeodesic coordinates, then ‖ξ‖2
g = ξ,T g′ξ′+ξ2

n

for some positive definite matrix g′. We will denote ‖ξ′‖g′ = (ξ,T g′ξ)1/2.
Therefore the principal symbol of A is given by

1
2π

lim
xn→0+

∫ ∞

−∞
eixnξn

−i

‖ξ‖2
g

(ξnI + ξeT
n − ξnξ(gξ)T

‖ξ‖2
g

) dξn.

The above integral can be computed by the method of residues, and in particular
we obtain

σ0(A)(x′, ξ′) =

⎡⎢⎣
In−1×n−1

2 − iξ′

4‖ξ′‖g′

− i(g′ξ′)T

4‖ξ′‖g′
1
2

⎤⎥⎦ .

This concludes the proof of the proposition. �

Corollary 3. The operator I −A is an elliptic pseudodifferential operator of order
0 on ∂Ω.

Proof. The proof is immediate. Indeed, the operator I − A has principal symbol

σ0(I − A)(x′, ξ′) =

⎡⎢⎣
In−1×n−1

2
iξ′

4‖ξ′‖g′

i(g′ξ′)T

4‖ξ′‖g′
1
2

⎤⎥⎦ ,

which is an invertible matrix, because it only has trivial kernel, as it can be easily
computed. �

Our main result now follows.

Theorem 3. Let f ∈ Hk(Ω), k ≥ 1, be such that Pf = 0 and δs
gf = 0; then

f ∈ C∞(Ω).

Proof. It follows from Proposition 3 that f = Rf , where R is a smoothing operator,
and from where it follows that f is smooth in the interior of Ω. By Corollary 2, f
has restrictions of all orders to ∂Ω. Equality (17) implies that

(20) f0 = ds
gSδs

gf
0 + Rf0.

If we decompose S = S̃ + T , where S̃ is the operator whose full symbol is equal
to the principal symbol of S and T has order −3, then since T is the difference
of two operators that satisfy the transmission condition in Ω, it also satisfies the
transmission condition there. If we apply R+

n to both sides of (20) we get

R+
n f = AR+

n f + R+
n ds

gT (f ⊗ δ0(xn)) + R+
n Rf0.

Now Theorem 2.4 of Chapter 5 in [4] (see also Remark 2.6 there) implies that

(21) (I − A)R+
n f = R+

n ds
gT (R+

n f ⊗ δ0(xn)) + R+
n Rf0 ∈ Hk+1/2(∂Ω).

It follows from Corollary 3 that R+
n f ∈ Hk+1/2(∂Ω). Using (18) and Theorem 2.4

of Chapter 5 in [4], we conclude that f ∈ Hk+1(Ω), which completes the proof. �

It is well known (see for example [12]) that there exist continuous operators
S : Hk(Ω) → Hk+1(Ω) and R : Hk(Ω) → Hk(Ω) such that for any tensor field f
we have

f = dSf + Rf.
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Moreover, Sf |∂Ω = 0 and δs
gRf = 0. We have proved that if f belongs to the kernel

of the geodesic X-ray transform, then Rf is smooth up to the boundary of Ω. We
will prove in the next proposition that Zk embeds continuously in Hk+1(Ω).

Proposition 5. Let f ∈ Hk(Ω) such that Pf = 0 and δsf = 0. Then f ∈
Hk+1(Ω), and there exists a constant Ck > 0, such that

(22) ‖f‖k+1;Ω ≤ Ck‖f‖k;Ω.

Proof. It follows from equation (21) that

‖(I − A)R+
n f‖k+1/2;∂Ω ≤ Ck‖f‖k;Ω.

Now by Corollary 3 the operator I − A is elliptic, so that using a standard elliptic
estimate it follows that

‖R+
n f‖k+1/2;∂Ω ≤ Ck‖f‖k;Ω.

Finally, if we use (18) and Theorem 2.4 and Remark 2.6 in [4], we conclude that
there exists a positive constant Ck such that

‖f‖k+1;Ω ≤ Ck‖f‖k;Ω. �
Theorem 4. Let k ≥ 1, let P k = {f : f = ds

gv, v|∂Ω = 0, v ∈ Hk(Ω)}, and let
Zk = {v ∈ Hk(Ω) : Pv = 0}. Then P k ⊆ Zk, and P k has finite codimension in
Zk.

Proof. Estimate (22) shows that a bounded sequence in Hk(Ω) is also bounded in
Hk+1(Ω). Using the Reillich Lemma, such a sequence has a convergent subsequence
in Hk(Ω). This proves that the unit ball in Zk(Ω) is compact, which is equivalent
to the fact that Zk(Ω) has finite dimension. �
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